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1. Introduction and Main Result 

;> ' 

jT ' The Navier-Stokes equations in two space dimensions are particularly well-studied and the 

QQ . existence of a unique, global strong solution is well-known. Perturbations with a Gaussian 

(^ ' noise are also covered, for example using the weak martingale or the variational approach, 

■"sj" . cf. [121 [ini- For an overview on randomly forced 2D fluids we refer to (TS]. However, all 

.^ ' these results need a smooth noise which does not include the case of so-called space-time 

f^ . white noise. Such a perturbation has some technical drawbacks but also a very reasonable 

C^ ' legitimation. It has been observed in several articles [HI El [2] that the periodic Euler flow on 

the torus T^, which is the inviscid limit of the 2D-Navier-Stokes equations, has a family of 
infinitesimally invariant measures fia-,u, the so-called enstrophy measures. These are exactly 
the unique invariant measures of the Ornstein-Uhlenbeck processes corresponding to the 
purely linear problem, i. e. omitting the convection term, and is explicitly given as an 
C^ . infinite product measure. However, such a rough noise has technical drawbacks in terms 

of regularity issues making a pathwise interpretation difficult. For example the Ornstein- 
Uhlenbeck process mentioned above takes values in a Sobolev space of negative order, hence 
merely distributions, since the convolution with the Stokes semigroup is not regularizing 
enough. The nonlinear problem is not expected to have more regularity, thus the main 
difficulty is the appropriate definition of the convection term for such distributions. In 
[5], Da Prato and Debussche prove the existence and uniqueness of a strong solution (in 
the probabilistic sense) with values in a certain Besov space of full measure /lo-^^ for /io-.jy- 
a. e. initial condition. The problem with the convection term is tackled with a so-called 
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renormalization technique. The, in some sense, unnatural notion of uniqueness is improved 
by Albeverio and Ferrario in |¥]. 

In this article we are concerned with the associated Kolmogorov operator to these equations 
and its Cauchy problem in L^{^„^^). This is related to the uniqueness of the corresponding 
Martingale problem, in particular a weaker formulation concerning stationary solutions. We 
use the concept of L^ -uniqueness, i. e. the closure of the Kolmogorov operator (with ap- 
propriate domain) generates a Co-semigroup on L^{fia-M)- i^-uniqueness for the stochastic 
Navier-Stokes equations perturbed by space-time white noise has been shown by Stannat in 
|20| for large viscosity v. Similar, but weaker results have been obtained chronologically in 
P^[51[roi[T]. The regularity issues from above translate into poor support properties of fi^^,, 
containing only distributions. This implies a poor convergence of the Galerkin approxima- 
tions of the convection term, which is the major difficulty in this approach. 

Despite the vast literature on 2D fluids, such equations are not a very realistic setting. 
In most cases, they are used as an example of approximations for fluid flows, where the 
vertical length scale is negligible compared to the horizontal ones. Such applications often 
appear in the studies of atmospheric or oceanic flows. On these huge length scales, the 
rotation of the earth cannot be neglected and fictitious forces appear in the equations. The 
fictitious forces concerning rotation are the centrifugal force and the Coriolis force. We want 
to consider the following equations for the velocity field u and hydrodynamic pressure tt on 
the two-dimensional torus T^ := (0,27r)^ with periodic boundary conditions. 

dtu = uAu — {u ■ V)w — le^ x u — Vtt + t] in [0, oo) x T^, 
divu = in[0,oo)xT^ } (1) 

w(0) = uq in T , 

where rj is the so-called space-time white noise. The centrifugal force is of gradient type 
and can be hidden in the pressure tt, whereas the Coriolis force is modeled in the so-called 
/3-plane model, for a motivation we refer to [17]. In this model I = ut + /3^2 with w,/3 > 
denoting the angular velocity and its fluctuation around the equatorial line. Here, some 
part of the earth's surface is approximated by a rectangle and ^2 denotes the longitudinal 
component. We set 63 x w = w^ where u^ = (— M2, ^i)"^- As usual we consider this equation 
in the function space 

H := |ue L'^{T'^;R'^) : divw = 0, /u(0 df = 0,m • n is periodic!, 

where n denotes the outward normal. The abstract evolution equation on H is obtained 
after applying the (orthogonal) Helmholtz projection V : L^(T^;M^) -^ H. This equation is 
given by 

du{t) = (lyAuit) - B{u{t)) - C{u{t))] dt + adW{t) 1 

m(0) ^uoeH, J 

where A := VA is the Stokes operator, B{u) := B{u,u) := 'P{u ■ V)u and G{u) := Vlu^. 
The noise is represented by a cylindrical Wiener process W{t) on H . We then consider the 
Kolmogorov operator associated to ([1]) defined by 

2 
{K,^,^) {u) = y tr {D^ip{u)) + {vAu - B{u) - C{u), Dip{u)) (3) 
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In particular, we are interested in the the well-posedness of its Cauchy problem in L^Iho-m) 
These enstrophy measures are explicitly known and given by 



^,^,.■.= M[o,^A-'), (4) 

i. e. the invariant measures of the linear problem with drift vA and diffusion al. Due to 
the invariance of the enstrophy for both vector fields B and C, these measures are indeed 
infinitesimally invariant for K„_^, in formula J Ka^,^ipd^a-,y ~ for all cp G J'C^, and thus a 
reasonable candidate for a reference measure, see Section 3 for more details. In order to state 
the assumptions for our main result we need the following notation. Let S{s) := X^fcez^ 1^1"^" 
denote the value of the convergent infinite series for s > 1 . 

Assumption A. Assume that a, z^ > satisfy z^"^ > 245(2)71^^(7^. 

With the assumption above, the main result of this article is stated as follows. 

Theorem 1.1. Let ^^.u be the Gaussian measure related to the enstrophy, then [KaMi^C^) 
is dissipative in L^(ii„^y), hence closahle. Now suppose Assumption \M holds. Then the 
operator (Ka.uT^C^) *s L^ -unique. In particular, the closure {Ka-^^, D{K„^^)) generates a 
Co-semigroup of contractions Pt in L^[^a,v) o-nd fx^-,!/ is invariant for Pf. 

Such a result has some implications concerning uniqueness of the associated martingale 
problem. In particular, the semigroup Pt is Markovian and yields the transition probabilities 
of a stationary martingale solution of ^. We refer to the monograph [TU] for a detailed 
discussion on this subject. Furthermore, we can obtain the following corollary to Theorem 
11.11 for the system without rotation. 

Corollary 1.2. Set uj ~ /3 = 0, i. e. the reference frame is fixed. Then, under Assumption 
[A[ the operator {Ka-^^,J-'C^) is L^-unique. 

Although we are able to extend the result of [20] regarding a smaller lower bound for ly, 
the limit for small viscosity parameter still remains a challenge. 

The proof of Theorem 11.11 is contained in the following sections. At first, we derive a 
spectral representation of ([2]) which together with the product structure of iicr,ij favors the use 
of finite dimensional spectral Galerkin approximations of Kc_y. Sharp convergence results for 
the approximated vector fields B and C are contained in Lemmas l3 . 2l and l3 . 3l and in particular 
the definition of B{u) and C{u) via an L^-limit for distributions u from the support of Ha.v 
The integration by parts formula in Lemma 13.11 is essential for the main ingredient of proof, 
the a priori gradient estimate for the solution of the finite dimensional resolvent problem 
for Kcr^v in Proposition 14.31 We seize this idea due to Stannat in |2D], however suitable 
modifications for both the convection and Coriolis term are necessary. Note that this a 
priori estimate is not uniform in the approximation but introduces some logarithmic growth 
that is sufficiently small. With this approach we are able to weaken the smallness condition 
on the viscosity v to some extent. 
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2. A Spectral Representation 

In the following, we expand the vector field u into its Fourier series. We use the complete 
orthonornial system of H given by 

,,. 1 k^ ,,. ., ,,. fsin(fce), kel.\, 

efc — ^^ |7T ^fc(0 with ipk{£,)--^\ ,,., ,^ T,2 
VStt \k\ I cos(fc^), k e -Z^, 

where I.\ := {k <^ I? : ki > Q or (fci = and fcz > 0)}. Furthermore, let Z^ := Z \ {0} = 
Z^ U — Z^. It is an easy task to verify that (efc) C H and that these are eigenvectors of the 
Stokes operator A with corresponding eigenvalues — |A:p. In addition to that, we can write 
the cylindrical Wiener process as a formal sum W{t) = X^feez^ Pk{t)ek with a family /3fe of 
independent real- valued Brownian Motions. 

Expanding ([T]) w. r.t. the orthonormal system (cfc) yields a spectral representation of (P]l. 
which is 

dufc(t)= (-i^|fc|2wfe(t)-Bfe(u(i))-Cfe(?/(t)))di + ad/3fc(i), fc e Z^. (5) 

In a similar fashion the associated Kolmogorov operator reads as 

2 

fcezj 

Here and in the following, we denote by dk the derivative w. r. t. the Uk variable. It remains 
to identity the Fourier coefficients of the convection and the Coriolis term, compare |13| for 
similar calculations concerning the convection term. One easily verifies that 

\/2 (k-^ ■ l)(k • m) 1 f 

(5(ei,e™),efc) = -(B(e,,efc),e„) = -^ j / {ip-k^iipra){0'^i =■ Pi.ra^ 

in \k\\l\\m\ TT^ Jt2 



hence 

Bk{u) -.^ {B{u),ek) = ^ uiu,n{B{ei,e,n),ek) = ^ l3i^„^uiUm (6) 

i,mez; i,mez; 

The integral in the definition of /S^^^ essentially yields some Kronecker deltas, 6k = 1 ii k = 
or Sk = otherwise. In detail 

Sk-l-m — Sk-l+rn — <^fc+;-m, k,l,m £ Z^ , 

h+i-m + Sk-i+m + Sk+i+ni, k G Z\, I, m e -Z^, 

Sk-l-m — Sk-l+rn — Sk+l+m, k, I G — Z_|_, m G Z^ , 
Sk-l-m — ^fe+i-m — Sk+l+m, k,m £ — Z:^,Z G Z_,_ , 

otherwise. 



^ / {'f-kfWm){0'^£, 



By similar calculations we can obtain the formula for the Coriolis forcing term. Note that 
only the second summand remains after applying the Helmholtz projection since Vu^ = 0. 
Analogue to the above, we see that 

Ckiu) -.^ {Ciu),ek) ^ PY. ""^mnV^ I ^2^fc(0^'(0dC 
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and with straightforward calculations conclude that 

k^l 1 
Ck{u) = -l3j2 "' |fc||/|fc +/ '^fci+'i^^ - '^^=+'2) = "^ H ^'''"'- (^) 

Furthermore, let us introduce some notation on the function spaces used in this article. 
With the complete orthonormal system (e^) the periodic, divergence free Sobolev spaces 
following j7| can be identified with 

i?* := iuGK^* : ||u||2 := ^|fc|2«u^, <ooi, s G R, with H" = H. 
I fcezj J 

Recall the complex interpolation of these Sobolev spaces which states that for sq < s < si 
and u e if"! it holds that 



hl|.<lkl|;o^~'°lklU7-'°. (8) 



3. The Gaussian Invariant Measure Given by the Enstrophy 

In the coordinates of (e^) the measure fia-,u is simply an infinite product of centered Gaussian 
measures on M, i. e. 



M... = aa(o, ^a-') = (g) aa(o, ^) . 



kezi 

This measure is usually called the enstrophy measure, because the enstrophy associated to 
the vector field u appears in the exponent of the heuristic density of /i(j,iv It is well-known 
that H does not have full measure w. r. t. fia,u and one even has ficr,iy{H) = 0, cf. (H]. This is 
due to the elementary calculation J uj. dfia,iy{u) = 2J\k\'^ ' h^'^ce for Sn{s) = ^ X]fe=il^l^^^'"fe 
foUows 

/n 
Sn{s) ducr.i^iu) = lim y^|fc|"^~^'' < 00 

fc=l 

if and only if s > 0. This implies fi^,y{H^'^) = 1 if and only if s > 0. The support of fi^^, also 
contains all Sobolev spaces of negative order with any integrability parameter 1 < p < 00 
and the Besov spaces B~^ for all s > 0, 2 < p < q < 00, see |3] for detailed computations. 

As mentioned before, it has been shown that this measure is infinitesimally invariant for 
the Euler flow, see |2, and also invariant for the Ornstein-Uhlenbeck process 

du{t) = vAu{t) dt + a dW{t), 

see for example [HI Theorem 6.2.1]. In the following, we want to prove that fi^^^, is in 
fact infinitesimally invariant for {Ka-^^,J-'C^). This is mostly due to the two invariants 
{B{u) + C{u), u) = and {B{u) + C{u), Au) = for all smooth u S H, see for example |14| . 
This implies, at least for u with Uk y^ only for a finite number of fc € Zj, that 

Y,\k\^\Bk{^) + Ck{u))uk = 0, i = 0,l. (9) 

fcGZj 

Now fix a function (p € J^C^, hence there exists fci,...,fc„, n S N such that ip has an 
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admissible representative (p in C'^{Hn) and for u = {u^i , ■ ■ ■ , Uk„) foUows 

/ Ka,u(piu)dfia,i,{u) = X! / (-^fe-(") + Ck,iu))dkiifiu)dfi^^^{u). (10) 

On the right hand side we do an integration by parts w. r.t. the Gaussian density, more 
precisely we have the following lemma. 

Lemma 3.1. Let (p E TCl- Then 

in particular 

/ dk^{u){Bk{u) + Ck{u))d^ia,v{u) = — |fcp / Uk^{u){Bk{u) + Ck(u)) d^ic,,v{u). 
Proof. We can use the product structure of the measure /io-^y and obtain 

If there exists i* with ki- = k we do an integration by parts in this coordinate. 

dk'f{u)e-^-^^ dukd(^^ AA(0, 5^ 

//^^(^)(-^-^)«-'^du.d(0AA(O,^)) 

Uk'p>{u)dHa.,^{u). 



2iy\k\^ 



Equations ([6|) and ([7]) imply that dkBk = 0, dkCk = for all k E "^l, hence the second 
assertion follows easily if we replace ip hy Lp{Bk + Ck)- □ 

Going back to (jlOp. we can apply this integration by parts formula and obtain 

n ^ 
K„^^ip{u)dflcy,u{u) = X] / Uk,{Bk,{u) + Ck,{u))ip{u) dfla^^{u). 



Furthermore, we can use the invariance ([9]), which reads as X^iLi '^ki{Bki{u) + Ck-{u)) = 
pointwise for all u with Uk = ii k ^ {ki, . . . , fc„}. We conclude that 

f K„^Mu)diia.Au) = iovaWifiETCl (11) 

Since the invariant measure is a product measure, it is reasonable to use the usual finite 
dimensional spectral Galerkin approximations in order to obtain an approximating equa- 
tion for ^. Define /„ := {fc € Z^ : |fc| < n} and let t„, 7r„ be the canonical embedding 
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and projection from and onto the subspace i?„ := spanjcfc : k G /„}, respectively. Asso- 
ciated to i„ and 7r„ define B'^{u) :~ J^kei -^fc(")sfc ^^i^ C^{u) := X^fce/ ^k{'^)^k with 
-Sfe(") ■= Y.i,meuPi,m'^i'^rn and C^'(u) := -PY.iei^^i'^i^ respectively. The approximat- 
ing Kolmogorov operator K^ ^ is defined in the canonical way by replacing all parts by the 
approximations 

fcG/„ 

As a suitable domain we consider C'^{Hn). It is clear that /ij^ ^^ := /icr.,y oTr"-"^ is infinitesimally 
invariant for (A'^^, C^(iJ„)). 

For the proof of Theorem 11.11 it is essential in which sense i?" and C" converge to B 
and C. In the next two lemmas we obtain convergence in L'^{^„y,H~^) for s > 1 and 
s > 0, respectively. As a byproduct, this allows to define the unique measurable extensions 
of the vector fields B and C to LF'{iicr,v), i.e. an extension for distributions u E H^'^ 
given any s > 0. Moreover, L^(/Xcr.i/)-convergence implies /Xcr,i/-a. s. convergence along some 
subsequence, hence the limits B{u) and C{u) are in fact elements of H^" for s > 1 and 
s > 0, respectively. 

Lemma 3.2. Let o", z^ > be arbitrary. Then, ||_B(u)||_i, G L^(/io-.i/) if and only if s > 1. In 
particular, for all < e < s — 1 it holds that 



\TT„iB - B")H||i, dAi.,,(u) < clog(n)n^^^ ^^^^ 

with a constant c uniform in n. Moreover, B{u) is an element of H^" for fi^j^-a. e. u. 

Proof. The first and last part of the statement have already been considered in the lit- 
erature, see e.g. [H Proposition 3.2]. A crucial part in the proof is the dependence of 
^\Bk{u)\'^ d/Xo-,i/(u) on the index k. On can show that it is of order log(|fc|). Essential for us 
however, is the explicit convergence rate of the approximations as n — >■ oo. Note that 

||7r„(i? - B-){u)\t,, = J2 \k\-''\Bk{u) - BUu)\', 
kei„ 

thus we have to consider the difference of the fcth Fourier coefficients in i^(/icr,iy) for k E In. 
Straightforward calculations yield 



V ^ - " ■ ' — U|2|/t-/|2' 

l.meri\I„ lGri,\l\>n ' ' ' ' 

with a uniform constant c independent of k. We can bound this sum by an integral and 
make explicit calculations. At first, let |^| > 2n > 2\k\, then this part of the sum is bounded 
up to a uniform constant by 

1 , f°° 1 ^ n 

ay <8tt — dr = -^. 

J2n 



{v£V?:\v\>2n} \yV\k ^ V^'^ '- ^^ 
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We do the same for the part where n < |^| < 2n: 

f 1 , Stt f^" 1 , c , , , 

/ M2TI 12 ^y-—/ -dr <—\og{n). 

Now choose < e < s — 1 and estimate n~^ < n~^'^|fcp^~^, hence 

[\\ (U un\{ M|2 J / N^ Y^IH2-2.l0g(n) Y^ 2s+2el0gW 

/ ||7r„(S-B )(u)||_3dM^,^(w) < c 2^|fc| ^2 <c2^|fc| ^ ^2^ ■ 

fee/,, fce/„ 

The sum is convergent as n — > oo therefore the statement is proven. D 

Lemma 3.3. Let a^v > be arbitrary. Then, ||Cj|_s G L'^i^'a.u) if o-nd only if s > 0. In 
particular, there exists a constant c uniform in n such that 

IK„(c - c")(«)ir_, dM...(u) < cji-^ ^^=^ 0. 

Moreover, C{u) is an element of H^'^ for ^„u-a. e. u. 

Proof. The first and last part are stated for a similar presentation to Lemma 13.21 How- 
ever, C is only linear in u, hence these points are obvious and one can easily verify that 
/|C^(u)P d^£r^y(M) < c|fc|~^ with a constant c uniform in n. This immediately yields the 
summability in iJ~* for s > 0. The convergence rate can be obtained similar to Leinma l3.2l 
For k e /„ 

^ £^ \k\^\imk, + hr "^^'^^ '=^+'^^ ^ iA:|2 z. (fc2+^.2)2- 

The sum is again bounded up to a uniform constant by 

1.1/-°° 1 



dy < -^ / /,9 , ,.9N dy < 



I y/;;^^ (kl + y'^)^ n^ J y^n^::^ {kl + y^) n'^\ki\' 

Therefore we have 

and this proves the lemma. D 



4. Estimates for the Solution of the Resolvent Problem 

In this section we prove integrated gradient estimates for the solution of the resolvent problem 
(A — IVJ j^)ip ~ ip, \ > 0. Lemma l3T2l suggests that these a priori estimates have to be done 
in the space iJ^+*, s > 0. To simplify notation, we introduce the spaces W^'^ as the closure 
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oi J-Cl in L^(/io..i/) w. r. t. the bilinear form 

fcGZj -^ 

and denote by ||-||^i.2 the corresponding norm. We will use this norm for functions on _ff„ 
via the canonical embedding t„ without explicit mention. The following proposition is a 
conclusion of the results in |18j and yields a first a priori estimate. 

Proposition 4.1. The closure {K^ ^,D{K^ j^)) of {K^ ^,C^{Hn)) in L^{^^^) generates 
a Markovian Co-semigroup of contractions {Tf)t>o. Thus, the operator {Krj^^,C'^{Hn)) is 
L^ -unique. Moreover, 

and 

y J2 /lafe^pdM^.. < - /C.wrfM^.., ^ e D(Kl,)^. (12) 

kei„ 

Proof. [TBI Theorem 1.1.5] implies the existence of a closed extension on L^{n^^ ^) generating 
a sub-Markovian semigroup of contractions (T^ )t>o. In particular D{K^ ^)(, C D{£°\h„) = 
^n(^o'^) ^iid inequality p^ holds. 

By [TSl Proposition 1. 1.10] the measure /j,^ j, is {T^ )t>o-invariant because B^ and C^ G 

L^ilJ-" I,) and therefore T^ 1 = 1 holds. Hence the semigroup is Markovian and [HI Corollary 
1.2.2] implies L^-uniqueness. D 

Inequality p2p implies the following a priori estimate for the corresponding resolvent 

:R;,(A) = (A-ir:j-i,A>o. 

Corollary 4.2. Let ^ G i3fc(i/„) anrf A > 0. Then i?^_^(A)V^ G D(K^,^)b and 

Proof. Clearly i?^ ^(A)'0 G D{K^j^) because rg(i?^ ^.(A)) C D{K^j^) and of course Bb{Hn) C 
L^(/i^ J,). Furthermore, the boundedness follows from the Markovianity of XR^ i^W- There- 
fore, we can use (fT2l) and conclude 



y ^ /'|a..<,(A)^pd/.^,, + A /'|<,(A)^pdM^., 
fce/„ 

However, this integrated gradient estimate is not enough to show L^-uniqueness of the 
operator {Ka-.i^,J^Cb) and we need the following improvement which is the essential part of 
the proof of Theorem 11.11 
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Proposition 4.3. Suppose Assumption\^holds. Let s G (0, 1] and %p E Cl{Hn)- Then there 
exists 5 > Q and c{5) independent of n such that 

The proof of this proposition will be divided into several technical lemmas. The first one 
is standard and identifies the commutator of D and A'",,- 



Lemma 4.4. Let s eR and cp e Cj^(i7„). Th 



en 



fce/„ kJeiri k<£i„ •' 

k.lel„ k,li£l„ •' 

Remark. The useful terms are both negative summands on the right hand side. The second 
one is exactly the one needed for the gradient estimate in Proposition l4.3l and small viscosity 
v results in worse estimates. 

Proof. Let k E /„ be fixed, then 

The derivatives of the Fourier coefficients of B and C can be given explicitly. 

dkB\\u) ^dk[ J2 /5lj"^%) = E {(^Ik + PUh^ 
={i^Lk,k + (3L-k)n~k + {i3i_i,k + i3U-ihk^i 

+ {A+i,k + A,k+i)uk+i + {P-k-iM + Pi,^k~i)u-k-i 

as long as all indices are in /„ and dkCl^{u) — —P^\- The identity K^ ^{ip'^) ~ 2ipK^J ^^{iIj) + 
a^ J2iei l^'V'P for all i/j G Cl{Hn) together with the invariance of /^JJ ^ implies 

fc6/„ k,iei„ •' 

Consequently, for any s G M 

Y\k\'' [^kiK^M^k^d^^l,<~Y E \k\'' f \dA^\' d^C. 

k(£l„ •' k,l<£l„ '' 



*:£/„ fe,/e/„ 



In the course of the proof of Proposition l4.3l we will replace ip by the resolvent. In particular, 
the additional commutator terms have to be estimated in terms of the two negative ones. 
Because of its linear structure, the Coriolis term is easier to handle and we get an estimate 
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independent of a and i'. One key tool is the following. Let ip E J-^C^, s > and sq < 1 + s. 
Then, for any 6 > 

\og{n)\\D^\\l<S\\D^\\l^, + c{s,so,S){\og{n))^^^\\D^\\l (13) 

This relation follows from the interpolation inequality ([5]) applied pointwise for fixed u and 
Young's inequality. 

Lemma 4.5. Let s e (0, 1] and (p e C^{Hn). Then, for every 6 > there exists c{S) < oo 
independent of n such that 

k,lGl„ •' kel„ kel„ 

Proof. Obviously, it holds that 

k,l<£l„ •' k,lel„ ' ' •' 

Note that the constraints on the indices imply j/c + Z| ^ and also yield a summation over 
only a one dimensional subset of Z^. With |fc|'' < |fc + /|* + |/|'' for s g (0, 1] follows 



|fc + ;| - |A: + ;|i-^ \k + i\ 

and Young's inequality with p = q = 2 implies 



|A: + ?r " 2|/!c + ;|i-^|/|S' "' 2|/!c + Z|i-^|fc|! 

For fixed fc and I, all denominators are sunmiable in I and fc, respectively. Thus, we just 
derived 

k,iei„ ' ' 

where (^ G J^C^ is the extension of ip via i„ to J^C^- An application of the interpolation 
inequality P^ yields the desired result. D 



Of course, we want to achieve a similar result for the convection term. The critical step 
is the integration by part formula in Lenuna 13.11 This eliminates u±k±i but yields a second 
derivative of p. 

Lemma 4.6. Let s e (0, 1] and ip € C'^{Hn). Then, for every e,5 > there exists c{e, 6) < oo 
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independent of n such that 



kei„ " " keir. 



Proof. Recall Lemma 13.11 and apply this to the convection part of the commutator which 
yields 



u±k±idiipdk(pdfi]i„{u) = , p / {d±k±idnp)dkip + dnp{d±k±idkip) d^J:'^,^ 



As a next step we need an estimate for |/3!|_;_|_j, j, + /?[ ^;-|-;;|, namely 



V2 
47r 



±(/^ • {I ± k)){l ■ k) ^ ±{l^ ■ k){l ■ {I ± k)) ^ 

Ol,±l±k,k H 1,11, I ,11,1 Oi,k.±l±k 



\l\\l±k\\k\ ''"'"■ \l\\l±k\\k 

Combining the last two estimates yields the following upper bound, 

Y \k\^%f3ik±i,k + A,±i±k) f u±i±kdi^dk^d^^l, 

k,lGl„ 

kdGlri 



- 27r' 



^ Vl^ ^ \k\''j^^ I {\9±k±idi^\\dkv\ + \dM\d±k±idk^\)dnl, 



The main task is to control all second derivatives such that they vanish in the final estimate. 
This is similar to the proof of Lemma 14.51 for the Coriolis part and for a shorter notation we 
consider only the case zLkztl = I — k in the following. The other three cases are done in the 
same way. We also have to remark, that we cannot use the estimates in |^ to derive the 
result, since our modified proof involves the a priori estimate from CoroUarv 14.21 and some 
logarithmic growth in n. It is matched by the sharp convergence results in Lemmas 13.21 and 

EH 

Essentially, we have to take care of two terms. The first one is estimated as follows, using 
|fc|' < |;|" + |/-fc|' forse (0,1]. 

-^ E ^r3^l^'-^^'^II^^^I^V2^ E j^^{W + \l-kn\d^-kdM\dk^\ 

k,l£l„ ' ' k,lel„ ' ' 

An application of Young's inequality with p = q = 2 and a coefficient e > together with 
\l\^ <2|fc|2 + 2|Z-fcp yields 

<!-' E uno^-kdM' + l-' E i^-^ri^-^^'^i^ + Sii E KtI^^v^i' 
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Clearly \l ~ k\~'^ is summable over / e Zj. It follows 

Again, denote by ip the extension of ip to J^C^ via t„. Similarly, 

E |fcP^T^^|9fe^P<clog(n)||Z?^||,. 

The logarithmic growth in n is sufficiently small and we use, as in Lemma l4.5[ the interpo- 
lation inequality p3p to obtain 

Essentially, we just found the estimate 

|2s 



Vl^ E ^^\d^-kdM\dkV\<ea' Y: \indi-kdM' 
k,iei„ ' ' k,iei„ 

fce/„ fcG/„ 



(14) 



As the next step, we have to estimate the remaining terms in similar ways. Note that the 
roles of k and / are not symmetric, thus the estimates differ. With |fcp* < 2\l — /cp'' + 2\l\'^'' 
it follows that 

-^ E jr^j^\dim-kd,^\ 

k.iein ' ' 

k,l£l^ k,l£l„ ' ' 

Again, |/ — A:|~^ is summable in k, so it is exactly treated like above. |/ — fc|~^+^^ is summable 
in fc if s < 1 and of order logri if s = 1. So we bound it similarly to the case above by 

E I, 'I'Lj ^'^l' ^ c\og{n)\\D^\\, < S\\Dp\\l^, + c{s,S){login))'^\\D^\\l 
k,i€i„ I " I 

Thus, we arrive at an estimate as in ([H)) . It is clear, that the other three cases of ±fc ± I 
can be estimated in the exact same way. D 

In our next step we derive an overall estimate by combining Lenimas l4.41l4.5l and l4.6l Note 
that the second derivatives in this equation would not appear if the fluid was not perturbed 
by a random noise - this can be interpreted as a regularizing effect of the noise. 
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Lemma 4.7. Let s G (0, 1], ip E C^{Hn) and A > 0. Then, there exists S > such that 

fce/„ fcG/„ 



where c{S) < oo independent of n. 

Remark. This lemma is an improvement in comparison to [20]. We weaken the smallness 
condition for v by trading this to some growth in rt G N in front of a weaker norm. This is 
sufficiently small to be matched by the convergence of S" and C" later on. Also, note that 
the parameters w, /3 of the Coriolis force do not appear in the smallness condition. 

Proof. In the preceding lemmas we deduced 

kei„ k,iei„ 

"" fcG/„ fce/„ 

Choosing £ = g will provide that all the second derivatives of Lp vanish. Now by Assumption 
[K[ set V — 2AS{2)a'^{TTv)^'^ = 6(5 > and the assertion follows immediately. D 

Lemma 4.8. Inequality p5p extends to all Lp ~ R^ uW"^ with ip G C^{Hn). 

Remark. The proof of this lemma follows |20l Lemma 2.6], which appears to be slightly 
inaccurate since there the identity (20) does not hold. However, the remaining proof can be 
modified, as done below. In particular, the statement in j20l Lemma 2.6] is also valid. 

Proof. In a first step, we need a different uniqueness result for K^^ y, in particular |10l Theo- 
rem 2.5, Chapter 2.F]. The statement says that (K^^, C^(iJ„)) is L^-unique, hence C^{Hn) 
is a core for K^ y, i. e. dense w. r. t. the graph norm. This implies that for fixed ip G Cl{Hn), 
we can find a sequence {Lpm) C C^{Hn) such that 

Now consider 

fce/„ kei„ 

which is the generator associated to the bilinear form £^ , i. e. 

i>^d^;^^,==-£^(^,y.), 

since with the integration by parts from Lemma 13.11 it follows that 

^ Y ifcr /9.v^d<. = - Y E i^f ^ hkv{d,^ - ^^) d^s.,. 

fce/„ feG/„ 
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The bilinear form is used in the gradient estimates in Lemma 14.71 and in the following we 
want to prove that L'^fm -^ L" R^ ui^)'^ weakly along some subsequence. For this purpose 
consider 

fee/,, feG/„ 



k,iein 



with some constant c{n). A trivial lower bound is given by the above with c(n) = 0. These 
inequalities immediately imply that we can switch between different values of s, because 



{Llipyd^^l, < c(si,S2,n) / {Llyyd^^l, 



Thus, we set s = in the following and the proof of Lemma 14.71 with the choice 
instead of „ yields 

1, Ir- T ^ 



(17) 



16 



kj£l, 



Now we use the lower bound obtained in ([TB)) . ([T^ and the fact that Lg is associated to £°, 
together with Holder's and Young's inequality. 



{L^vf d^i^^, < 2J L-^vKl,^dii% - c{n) j /C.^^d^^^, 

< i f {L-^f d^,% + 2\\KlM\l■^.+c{n)\\K:,MLAML^. 



hence 

j{LZ^Y d^il^ < 4||A-,^||i. +c(n)||/C,.^|lLHblU- 
Recall P?|) and we deduce 

Iy El^l'' f^kiix-K.)^)^k^d^i,,, 



(18) 



fce/„ 



|£^((A - /C,J^' ^)l = / (^ - /CJ^i>dA.,,, 



< !|(A - /CV)^lli. + l|i.Vlli. < 1I(A - A- J^lli. + c(,s, n)||L?,Vlli^ 
<||(A-A-y^||i.+c(s,n)(||/C..^||i.+c(n)||/C>|U.||^llLO- 
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Now we turn back to the sequence {(pm) and due to ([T5)) we know that 

sup / (ioVm) d^^,,. < oo, 

m J 

hence R^ ^{X)iIj G D{Lq) — D{L^) for all s € M. In particular, the boundedness implies 
weak convergence in L^(^^^) oi L'^ip^m ^ U^R^ ^[X)ij) along some subsequence (m/), thus 



2 r 

fee/„ 



0. 



Inequahty (fT5|) holds for aU Lpmi and the assertion follows by Lebesgue's dominated conver- 
gence theorem. D 



Proof of Proposition \4-3[ The rest of the proof is a simple manipulation. We have shown 
that for i' e Cl{Hn) 

kei„ kei„ '' 

< El^l''/^fcV'5fei!;.(A)V'dMS,, + c(<5)lognE /|9fci?:,.(A)Vi'd<, 
fee/„ fcG/„ 



A:e/„ fcG/„ 

Rearranging the terms yields the result. D 



5. Proof of Theorem 11.11 

The remaining part of the proof is fairly standard. By general arguments {K^^^,J^C'^) is 
dissipative, hence closable in L^^^^.u)- Thus, it remains to check the range condition (A — 
Ka.v){^Cl) C L^iti-ij.v) dense for some A > 0. 

Let us fix a function ijj e C^(iJ„,-|) for some finite no. Clearly, ip has its representative 
^ € J^Cl and can be considered as a function on iJ„ for arbitrary n > uq. Thus, the 
resolvent R^ i/(A)^ S D{Kcr.iy)b for all n and 



T^ \-^^ 



(A - K,^,)R,J\)4, = (A - AV.)i?.,.(A)^ + (/v. - i^<x..)i?.,.(A)V' 
= V- + E (^fc - ^fe + ci^ - Ck)dkX,uW^- 

kein 
Now, we combine the convergence of the Galerkin approximations with the integrated gra- 
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dient estimated for the resolvent. Let s G (0, 1], then for any < £ < s 



< ||i?,^,(A)^||^i. • \J \\7^„iB-B")\\t,_,d^l,,.+J\\n„iC-Cn\\U^sd^i.,.\ 

< c(V')(l + logn)^ • cn-^' ^^^ 0, 

which imphes the denseness of the range (A — A'ct^^)(J^C^) C L^{^a,v), since TCl C L^{fia,u) 
dense. D 
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